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Abstract 

In this paper we prove the Geyer- Jarden conjecture on the torsion part 
of the Mordell-Weil group for a large class of abelian varieties defined over 
finitely generated fields of arbitrary characteristic. The class consists of all 
abelian varieties with big monodromy, i.e., such that the image of Galois 
representation on ^-torsion points, for almost all primes I, contains the 
full symplectic group. J| 
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Introduction 



Let A be a polarized abelian variety defined over a finitely generated field K. 
Denote by K (respectively, K sep ) the algebraic (resp., separable) closure of K . 
It is well known that the Mordell-Weil group A(K) is a finitely generated Z- 
module. On the other hand A(K) is a divisible group with an infinite torsion 
part A(K) tol - and A(K) has infinite rank, unless K is algebraic over a finite field. 
Hence, it is of fundamental interest to study the structure of the groups A(Q) 
for infinite algebraic extensions tt/K smaller than K. For example, Ribet in 
[26| and Zarhin in |37j considered the question of finiteness of A(A" a b)tor, where 
-Kab is the maximal abelian extension of K. 

We denote by Gk '■= G(K sep /K) the absolute Galois group of K. For a positive 
integer e and for a = (<Ji,<72, ■ ■ ■ ,a e ) hi the group G e K — Gk x Gk x ■ ■ ■ xGk, 
we denote by K sep (a) the sub field in K scp fixed by at, a%, . . . , a e . There exists a 
substantial literature on arithmetic properties of the fields A" scp (a) . In particu- 
lar, the Mordell-Weil groups A(K sep (a)) have been already studied, e.g., Larsen 
formulated a conjecture in [35] on the rank of A(K scp (a)) (cf. [2J, [T2J for results 
supporting the conjecture of Larsen). 

In this paper we consider the torsion part of the groups A(K scp (a)). In order 
to recall the conjecture which is mentioned in the title, we agree to say that a 
property A{a) holds for almost all a S G e K , if A{a) holds for all a £ G K , except 
for a set of measure zero with respect to the (unique) normalized Haar measure 
on the compact group G e K . In [10] Geyer and Jarden proposed the following 
conjecture on the torsion part of A(K scp (a)). 

Conjecture of Geyer and Jarden. Let K be a finitely generated field. Let 
A be an abelian variety defined over K . 

a) For almost all a G Gk there are infinitely many prime numbers £ such 
that the group A(K scp (a))[P\ of I— division points is nonzero. 

b) Let e > 2. For almost all a £ G e K there are only finitely many prime num- 
bers I such that the group A(K sep (a))[£] of £— division points is nonzero. 

It is known due to the work of Jacobson and Jarden [TS; that for all e > 1, 
almost all a € G e K and all primes £ the group A(K sep (a))[£°°} is finite. This 
was formerly part (c) of the conjecture. Moreover the Conjecture is known for 
elliptic curves jTU]. Part (b) holds true provided char(_ft') = (see [13). In a 
very recent preprint Zywina proves part (a) in the special case where K is a 
number field (cf. [?]), stengthening results of Geyer and Jarden [TTj . 

As for today, for an abelian variety A of dimension > 2 defined over a finitely 
generated field of positive characteristic, parts (a) and (b) of the Conjecture 
of Geyer and Jarden are open and part (a) is open over a finitely generated 
transcendental extension of Q. 



2 



In this paper we prove the Conjecture of Geyer and Jarden for abelian varieties 
with big monodromy. To formulate our main result we need some notation. Let 
£ ^ char(if) be a prime number. We denote by pa[i\ ■ Gk — > Aut(A[£\) the 
Galois representation attached to the action of Gk on the ^-torsion points of 
A. We define A4k{A[£}) := Pa[i\{Gk) and call this group the mod-£ monodromy 
group of A/K. We fix a polarization and denote by ef.A[£] x A[£] — >• \ii the 
corresponding Weil pairing. Then Mk(A[£}) is a subgroup of the group of 
symplectic similitudes GSp(A[£], e£) of the Weil pairing. We will say that A/K 
has big monodromy if there exists a constant £q such that .A/fx (A [f]) contains 
the symplectic group Sp(A[f],e^), for every prime number I > £ . Note that 
the property of having big monodromy does not depend on the choice of the 
polarization. 

The main result of our paper is the following 

Main Theorem, [cf. Thm. Ig.il Thm. \5.1f Let K be a finitely generated field 
and A/K an abelian variety with big monodromy. Then the Conjecture of Geyer 
and Jarden holds true for A/K . 

Surprisingly enough, the most difficult to prove is the case (a) of the Conjecture 
for abelian varieties with big monodromy, when char(if) > 0. The method of 
our proof relies in this case on the Borel-Cantelli Lemma of measure theory and 
on a delicate counting argument in the group Sp 2g (Ff) which was modeled after 
a construction of subsets S'(£) in SL 2 (F£) in Section 3 of the classical paper [TU] 
of Geyer and Jarden. 

It is interesting to combine the main Theorem with existing computations of 
monodromy groups for certain families of abelian varieties. Certainly, the most 
prominent result of this type is the classical theorem of Serre (cf . [2H] , [IS] f° r the 
number field case; the generalization to finitely generated fields of characteristic 
zero is well-known): If A is an abelian variety over a finitely generated field 
K of characteristic zero with End(A) = Z and dim(A) = 2,6 or odd, then 
A/K has big monodromy. Here End(A) = F,nd K (A K ) stands for the absolute 
endomorphism ring of A. 

In this paper we focus our attention at abelian varieties with End(A) = Z, which 
have been recently considered by Chris Hall in his open image theorem |16) . To 
simplify notation, we will say that an abelian variety A over a finitely generated 
field K is of Hall type, if End(j4) = Z and K has a discrete valuation at which 
A has semistable reduction of toric dimension one. The following result, proven 
in our paper [T] , gives examples of abelian varieties with big monodromy in all 
dimensions (and including the case char(A') > 0): If A is an abelian variety of 
Hall type over a finitely generated infinite field K , then A/K has big monodromy. 
In the special case where K is a global field this has recently been shown by 
Hall (cf. [15], [IS])- The generalization to an arbitrary finitely generated ground 
field K is carried out in pQ using methods of group theory, finiteness properties 
of the fundamental group of schemes and Galois theory of large field extensions. 
In combination with the main Theorem we obtain the following 
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Corollary. Let A be an abelian variety over a finitely generated infinite field 
K . Assume that either condition i) or ii) is satisfied. 

i) A is of Hall type. 

ii) char(if ) = 0, End(A) = Z and dim(A) = 2, 6 or odd. 

Then the Conjecture of Geyer and Jarden holds true for A/K. 

We thus obtain over every finitely generated infinite field and for every dimension 
families of abelian varieties for which the Conjecture of Geyer and Jarden holds 
true. In the case when char(iT) > the Corollary offers the first evidence for 
the conjecture of Geyer and Jarden on torsion going beyond the case of elliptic 
curves. 

We warmly thank Gerhard Frey, Dieter Geyer, Cornelius Greither and Moshe 
Jarden for conversations and useful comments on the topic of this paper. 



1 Notation and background material 

In this section we fix notation and gather some background material on Galois 
representations that is important for the rest of this paper. 

If K is a field, then we denote by K sep (resp. K) the separable (resp. algebraic) 
closure of K and by Gk = G(K scp /K) its absolute Galois group. If G is a 
profinite (hence compact) group, then it has a unique normalized Haar measure 
fiG- The expression "assertion A(a) holds for almost all o e G" means "asser- 
tion A(a) holds true for all a outside a zero set with respect to /^g" . A finitely 
generated field is by definition a field which is finitely generated over its prime 
field. Let X be a scheme of finite type over a field K. For a geometric point 
P e X(K) we denote by K(P) C K the residue field at P. 

For n £ N coprime to char(i^T), we let A[n] be the group of n-torsion points in 

oo 

A(K) and define = 1J A[n*]. For a prime £ ^ char(i4T) we denote by 

i=l 

T e (A) = \imA[e] the ^-adic Tate module of A. Then A[n], A[n°°} and T e (A) 
are G^-modules in a natural way. 

If M is a Gk -module (for example M — [i n or M — A[n] where A/K is an 
abelian variety), then we shall denote the corresponding representation of the 
Galois group Gk by 

p M -G K ->■ Aut(M) 

and define M K (M) := p M (G K )- We define K(M) := Kscp iPM) to be the fixed 
field in K scp of the kernel of pm- Then K{M)/K is a Galois extension and 
G(K(M)/K)=M K (M). 
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If R is a commutative ring with 1 (usually R = We or R = Zt) and M is a 
finitely generated free i?-modulc equipped with a non-degenerate alternating 
bilinear pairing e : M X M — ► R' into a free i?'-modulc of rank 1 (which is a 
multiplicatively written R- module in our setting below), then we denote by 

Sp(M, e) = {/ g Aut fl (M) | Vx, y € M : e(f(x),f(y)) = e(x, y)} 

the corresponding symplectic group and by 

GSp(M,e)={/G Aut fl (M) | 3e G i? x : Vx, y G Af : e(f(x), f(y)) = ee(x, y)} 
the corresponding group of symplectic similitudes. 

Let n be an integer coprime to char(if) and £ be a prime different from char(if). 
Let ^/if be an abelian variety. We denote by A v the dual abelian variety and 
let e„ : A[n] x A v [n] — !> /i n and e^oo : T^yl x T^A V — > Z^(l) be the corresponding 
Weil pairings. If A : A — > A v is a polarization, then we deduce Weil pairings : 
A[n] x A[n] — > fi n and : TgA x T^A — ► Z^(l) in the obvious way. If £ does not 
divide deg(A) and if n is coprime to deg(A), then and are non-degenerate, 
alternating, GV-equivariant pairings. Hence we have representations 

PA[n] ■ Gk -t GSp(A[n],e„), 

Pr e A ■ Gk -> GSp(T e A, e £ oo) 

with images M K {A[n]) C GSp(A[ra],e£) and M K (T e A) C GSp(7M,e;L). We 
shall say that an abelian variety (A, A) over a field if has big monodromy, if there 
is a constant £ > max (char (if), deg(A)) such that Mk{A[£\) D Sp(A[£], e£) for 
every prime number £> £q. 

2 Properties of abelian varieties with big mon- 
odromy 

Let (A, A) be a polarized abelian variety with big monodromy over a finitely 
generated field K. Then Sp(A[^],e£) C .Ma-(A[£]) for sufficiently large primes 
t. In this section we determine .M;f(A[n]) completely for every "sufficiently 
large" integer n. The main result (cf. Proposition 12 .41 below) is due to Serre in 
the number field case, and the general case requires only a slight adaption of 
Serre's line of reasoning. However, as the final outcome is somewhat different in 
positive characteristic, we do include the details. Proposition 12 .41 will be crucial 
for our results on the Conjecture of Geyer and Jarden. 

Now let K be an arbitrary field and A/K an abelian variety. Recall that for 
every algebraic extension L/K we defined = PA\n}{Gi,) ( n coprime 

to char (if)) and Ml{TiA) = pt,,a{Gl) (£ > char (if) a prime number). Fur- 
thermore the representations induce isomorphisms G(L(A[n])/L) = A4l(A[ti\) 
and G(L(A[£°°]/L) = M L (T e A). Note that M L {T t A) -> M L {A[t]) is surjec- 
tive (because G(L(A[£°°])/L) -> G(L{A[£ 1 })/ L) is surjective) for every integer 
i. Clearly M.l{A[ti]) is a subgroup of Mk [A{n]). 
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Remark 2.1. If L/K is a Galois extension, then A4.L{A[n\) is a normal sub- 
group of M.K{A[n\) and the quotient group A4K{A[n\)/A4i,(A[n\) is isomorphic 
to G(L fl K(A[n])/ K). 

Proposition 2.2. Let K be a field and (A, A) a polarized abelian variety over 
K with big monodromy. Let L/K be an abelian Galois extension with L D 
/ioo. Then there is a constant £q > max (char (if), deg(A)) with the following 
properties. 

a) A4l(TiA) = Sp(T(A, e^) for all primes £ > £q. 

b) Let c be the product of all prime numbers < £q. Then Ml(A[ii\) = 
Sp(A[n],e„) for every integer n which is coprime to c. 

Proof. Part a). There is a constant £q > max(char(X), deg(A), 5) such that 
M.k{A[£\) D Sp(A[£], e^) for all primes £ > £o, because A has big monodromy. 
Let £ > £o be a prime and define K? :— K(pe). Then basic properties of the Weil 
pairing imply that G(K e (A[£})/ K e ) = M Kt {A[l]) = Sp(A[£], e%). This group is 
perfect, because £ > 5 (cf. 'A'A Theorem 8.7]). As L/Ki is an abelian Galois 
extension, tVJ_l(A[£]) is a normal subgroup of the perfect group and 
the quotient .M/f^A^/.MzXA^]) is isomorphic to a subquotient of G(L/K) 
(cf. Remark l2.ip . hence abelian. This implies that 

M L (A[£}) = M Kt {A[£]) = Sp(A{£},e$). 

Denote by p : Sp(T(A, e^) — > Sp(A[£],e^) the canonical projection. Then 
M.l{TiA) is a closed subgroup of Sp(T^A, e^) with 

P (M L (T e A)) =M L (A[£}) = Sp(A[£},et). 

Hence M L {T e A) = Sp(T e A,e^) by [21, Proposition 2.6]. 

Part b). Consider the map 

P : G L -y H M L (T e A) = H Sp(T e A,e^) 

e>e e>e 

induced by the representations pr e A and denote by X := p(Gl) its image. Then 
X is a closed subgroup of JI^^o Sp(T^A, e^«> )• If pr £ denotes the £-th projection 
of the product, then pr^(X) = Sp(T^ A, e^). Hence [STJ Section 7, Lemme 2] 
implies that X — Yie>£ Sp(T?A, e^), i.e. that p is surjective. 

Let c be the product of all prime numbers < £q. Let n be an integer coprime 
to c. Then n = Y[i\ n w i mc £ Vi for certain integers ve > 1. The canonical map 
r : ML{A[n]) JXgi„ pr imc-^i(^P']) is injective. Consider the diagram 

Gl ^ EU M L (T e A) = n,,„ Sp(T t A, eU 



M L {A[n\r ^ Uiin M L (A[P« ])C ft, Sp(A[£^],e^ e ). 
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The vertical maps are surjective. The horizontal map p' is surjective as well, 
because p is surjective. This implies, that the lower horizontal map 

M L {A[n]) -+nSp(Ap],4,,) 

l\n 

is in fact bijective. It follows from the Chinese Remainder Theorem that the 
canonical map 

nSp(Ar],4,)^Sp(A[n],4) 

is bijective as well. Assertion b) follows from that. □ 

Corollary 2.3. Let A be a field and (A, A) a polarized abelian variety over 
A with big monodromy. Then there is a constant c coprime to deg(A) and 
to char(A'), if char(A) is positive, with the following property: A4K(A[n\) D 
Sp(A[n], e^) for every integer n coprime to c. 

Proof. Let L = A a b be the maximal abelian extension. Then there is a constant 
c as above, such that A4L(A[n]) — Sp(A[n], e^) for every n coprime to c by 
Proposition ^. 21 Furthermore A^l(A[ti]) C A4/f (A[n]) by the discussion before 
Remark O □ 

Let A be a field and (A, A) a polarized abelian variety over A with big mon- 
odromy There is a constant c (divisible by deg(A) and by char(A), if char(A) ^ 
0) such that 

Sp(A[n],e£) c M K (A[n}) c GSp(A[n],e*) 

for all n £ N coprime to c (cf. Corollary 12 . 3[) . One can easily determine 
Mk{A[u]) completely, if A is finitely generated. Let A„ := K(A[n\). There is 
a commutative diagram 

^ G(A„/A(/i„)) G(K n /K) ^ G(K(p n )/K) ^ 



Pah 



Pu n 



Sp(A[n], e*) GSp(A[n], e*) (Z/n) x 

with exact rows and injective vertical maps, where p^ n is the cyclotomic charac- 
ter and £ is the multiplicator map. The left hand vertical map is an isomorphism 
for every n £ N coprime to c. Hence 

M K (A[n}) = {fe GSp(A[n],e£) | e(f) e im( P/1 J}. 



Assume from now on that A is finitely generated. Then the image of the cyclo- 
tomic character involved above has a well known explicit description. Denote 
by F the algebraic closure of the prime field of A in A and define q := q(K) := 
\F\ G N U {oo}. Then, after possibly replacing c by a larger constant, we have 



im (P^) = 



(q) char(A) ^ 0, 

(Z/n) x char(A)=0. 
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for all n € N coprime to c. Here (q) is the subgroup of (Z/n) x generated by the 
residue class q of q modulo ro, provided q is finite. If q is finite, then we define 

GSp (9) (A[n], e ^) = {/ e GSp(A[n],e£) | e <g}}. 

Finally we put GSp (oo) (A[n], e*) = GSp(A[n], e, A J. We have shown: 

Proposition 2.4. Let K be a finitely generated field and (A, A) a polarized 
abelian variety over K with big monodromy. Let q = q(K). Then there is 
a constant c (divisible by deg(A) and by char(i^), if char(-ftT) ^ 0) such that 
M K (A[n]) = GSp (9) (y%],e£) for allneE coprime to c. 

3 Proof of the Conjecture of Geyer and Jarden, 
part b) 

Let (A, A) be a polarized abelian variety of dimension g over a field K. In this 
section we will use the notation Kt := and Ge :— G(Ki/K) for every 

prime £ ^ char(i^). Our main result in this section is the following theorem. 

Theorem 3.1. If (A, A) has big monodromy, then for all e > 2 and almost all 
a 6 G e K (in the sense of the Haar measure) there are only finitely many primes 
I such that A(K scp (a))[£] ^ 0. 

The following Lemma 13.21 is due to Oskar Villareal (private communication). 
We thank him for his kind permission to include it into our manuscript. 

Lemma 3.2. Assume that A has big monodromy. Then there is a constant £q 
such that [K(P) : K}- 1 < [K e : K]~^ f or all primes £ > £ and all P 6 A[£], 
where K(P) denotes the residue field of the point P. 

Proof. By assumption on A, there is a constant £q such that Sp(yl[£],e^) C 
M K (A[£}) for all primes £ > £ . Let I > £ be a prime and P e A[l\. Then the 
F^-vector space generated inside A[£] by the orbit X := {f(P) : f £ Mk(A[£\)} 
is the whole of A[£], because A[£] is a simple F^[Sp(A[^], e^)]-module. Thus 
we can choose an F^-basis (Pi, • • • ,i"2g) of A[£] with P\ — P in such a way 
that each Pi £ X. Then each Pi is conjugate to P under the action of Gk 
and [K(P) : K] = [K(P Z ) : K] for all i. The field K t is the composite field 
Ki = K(Px) ■ ■ ■ K(P 2g ). It follows that 

[Kt : K] < [K(I\) :K}--- [K(P 2g ) : K] - [K(P) : K] 2 3 . 

The desired inequality follows from that. □ 

The following notation will be used in the sequel: For sequences (x n ) n and 
(yn)n of positive real numbers we shall write x n ~ y n , provided the sequence 
converges to a positive real number. If x n ~ y n and < oo, then 

J2y n < oo. 

The proof of Theorem 13. II will make heavy use of the following classical fact. 
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Lemma 3.3. (Borel-Cantelli, [9, 18.3.5]) Let (Ai, A2, • • •) be a sequence of 
measurable subsets of a profinite group G. Let 

00 00 

A := C\ Ai = {x G G : x belongs to infinitely many A4}. 

n=l i=n 



a ) ^/E"i Mg(^.) < 00, then fi G (A) = 0. 

b) If ^2i^i fi>G{Ai) — 00 and (Ai)i^ is a [iQ-independent sequence (i.e. 
for every finite set I C N we have [iciCl^i Ai) ~ ILe/ V^GiAi)), then 
f i G (A) = l. 



Proof of Theorem lff.il Assume that A/K has big monodromy and let £q be a 
constant as in the definition of the term "big monodromy" . We may assume 
that £0 > char(X). Let e > 2 and define 

X e := {<j £ G e K : A(K scp (a)){£] ^ 0} 

for every prime £. Let \x be the normalized Haar measure on G e K . Theorem 13. II 
follows from Claim 1 below, because Claim 1 together with the Borel-Cantelli 
Lemma l3~31 implies that 

n u * 

n£N £>n prime 

has measure zero. 

Claim 1. The series ^2ii prime ^{Xi) converges. 
Let £ > £q be a prime number. Note that 

X e = |J {a G G e K I o-i{P) = P for alH} = |J G e K[P) . 
PeA[£]\{o} PeA[e]\{o} 

Let P(A[£]) = (A[£] \ {0})/F £ x be the projective space of lines in the F^-vector 
space A[£\. It is a projective space of dimension 2g — 1. For P G A[£] \ {0} we 
denote byJF := FfP the equivalence class of P in ¥(A[£]). For P G F(A[£\) and 
Pi, P2 € P there is an a G such that Pi = C1P2 and P2 = a~ 1 P\, and this 
implies K{P\) — K{P2). It follows that we can write 

Xi= (J G e K{P y 
PeP(A[£]) 

Hence 

P6P(A[£]) FeP(A[q) 
and Lemma 13.21 implies 
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But Gi contains Sp 2 (F^) and 



a 



Sl :-|Sp 2g (F,)|=^n(^-l) 



(=i 



(cf. (33]). It is thus enough to prove the following 



Claim 2. The series 



£ 2s — l —e/2g 
■i>e prime l-l S i 



converges. 



But S t ~ £9 2 +2+4+-+2g = fg 2 +g &nd 




£ 2 3-\ hence 



fa _ j 



— e 



/2a ^ ^2g-l^- e ( S +i) 




£-1 



s 



because e > 2. Claim 2 follows from that. 



□ 



4 Special sets of symplectic matrices 

This section contains a construction of certain special sets of symplectic matrices 
(cf. Theorem 14.61 below) that will play a crucial role in the proof of part a) of 
the Conjecture of Geyer and Jarden. 

Let g > 2, and let V be a vector space of dimension 2g over a prime finite field 
F^, endowed with a symplectic form e : V x V — > Ft. Fix a symplectic basis 
E = {ei, . . . , e2 g } of V such that the symplectic form is given by the matrix 



For each A £ GSp 2g (Ff) there is an element A 6 such that e(Av,Aw) = 
Xe(v, w) for all v, w G V. We will say that the value A = e(A) of the multiplicator 
map e is the multiplier of A, and we will denote by GSp 2g (Ff)[A] the set of 
matrices in GSp 2g (Ff) with multiplier A. 

Remark 4.1. Here we collect some notation. Let p be a prime, q a power of p 
and n£E 

• For n not divisible by p, we will denote by ord n g the order of q modulo n. 

• Denote by GSp^ (Z/nZ) the set of matrices in GSp 2g (Z/nZ) with multi- 
plier equal to a power of q modulo n. 

• Denote by GSp^~ ) (Z/nZ) := GSp 2g (Z/nZ). 

• Let c*3, «4, . . . , a>2 g , (3 £ F^. Call u a = e 2 + 0:363 + ••• + cti g &2g- We denote 
by T Ua [/3] the morphism v t— > v + /3e(v,u a )u a (which is a transvection if 





\ 
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We begin with two easy lemmas that will be essential for Definition 14.41 



Lemma 4.2. Let £ be a prime number. For each A G 
GSp 2ff (F^)[A] that fix the vector e\ are of the form 



' , the matrices of 



( 1 


d 


h b 2 . 


• \ 





A 


... 





di 


B 




v ■ 






/ 



(1) 



with B = (6y)i,j=l,...,2ff-2 G GSp 2g _ 2 (F^)[A], d,di, . . . ,d 2g _ 2 £ ¥ e and 



b k = 



1 I 9 - 1 \ 

T ^2(d2j-ihj,k - d 2 jb 2 j-i,k) for each k = 1, . . . , 2g - 2. (2) 



Proof. Let A £ GSp 2ff (F^) [A] be such that Ae± — e% . Let us write the matrix of A 
with respect to the symplectic basis {e\, e 2 , . . . , e 2ff _i, e 2g }. Since e(e±, eu) = 
for all k = 3, . . . , 2g, we obtain that e(ei, Aek) = 0. Therefore we can write the 
matrix A as 

\ 



V 



' 1 


d 


bi b 2 ... 





dl 


... 





di 








B 



where in the second row we get all entries zero save the (2,2)-th. Moreover, 
since e(ei,e 2 ) = 1, we get that e(ei,Ae 2 ) = e(Aei, Ae 2 ) = Ae(ei,e 2 ) = A, that 
is to say, d' = A. 

Furthermore, we have that e(e 2 , e^) = for all k = 3, . . . , 2g, hence e{Ae 2 , Aek) = 
0. These conditions give rise to the equations ©. The rest of the conditions one 
has to impose imply that B £ GSp 2g _ 2 (F|)[A]. This proves that the conditions 
in the lemma are necessary. On the other hand, one can check that the product 



A J„A = A J, 



9' 



so they are also sufficient. 



□ 



Lemma 4.3. The set of matrices in GSp 2ff (Ff)[A] that do not have the eigen- 
value 1 has cardinality greater than j3{t, <?)|Sp 2g _ 2 (Ff)| ; where 



t,g) = £ l9 - 1 (t 29 -1) 



1-2 



Proof. The set of matrices A S GSp 2g (Ff)[A] that fix the vector e\ consists of 
matrices of the form ([T]), where B belongs to GSp 2g _ 2 (F^)[A] and b\, . . . , b 2g ^ 2 
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are given by the formula © of Lemma 14.21 Therefore the cardinality of the set 
of such matrices is exactly 

^IGSp^MA]! = ^ISpa^aOtyl. 

On the other hand, the symplectic group acts transitively on the set of cyclic 
subgroups of V (cf. [TTJ Thm. 9.9, Ch. 2]). Therefore if a matrix fixes any 
nonzero vector, it can be conjugated to one of the above. Hence, to obtain an 
upper bound for the number of matrices with eigenvalue 1 one has to multiply 
the previous number by the number of cyclic groups of V, namely - ' ■ 

Therefore the set of matrices in GSp 2g (F^)[A] that have the eigenvalue 1 has 

cardinality less than l 2g-1 1 |Sp 2g _2 - Hence the number of matrices in 
GSp 2g (F<>)[A] that do not have the eigenvalue 1 is greater than |Sp 2ff (F^)| — 

^-i4i_i|S P29 _ 2 (F £ )|. 

Now apply the well known identity (see for instance the proof of [TTJ Theorem 
9.3. b)]) 

|Sp 2fl (F,)| = ^ - l)^- 1 |Sp 2s _ 2 (F,)|. (3) 

We thus see that the set of matrices in GSp 2ff (F^)[A] that do not have the 
eigenvalue 1 has cardinality greater than /3(£, <7)|Sp 2ff _ 2 (Ff)|. □ 

Definition 4.4. For each A S F^ choose once and for all a subset B\ of matrices 
B G GSp 2g _ 2 (F£)[A] which do not have the eigenvalue 1, with 

|B A | = /?(^-l)|Sp 2s _ 4 (F,)| 

(which can be done by Lemma \4-3\) . Define 

S\(£)o '■= {A of the shape Qin Lemma \4-S\ such that: 

di, . . . 1 d 2g -2 e 

deF e \{-(b 1 ,...,b 2g -2)(U~B)- 1 (d 1 , d 2g „ 2 ) t }, 
Sx(£) := {T Ua \f3\~ 1 ■ A ■ T Ua [f3] :a 3 ,.. .,a 2g ,{3 e¥ e ,Ae Si{£) }, 

Let q be a power of a prime p ^ i. Define 

S^(£):= [J S qi {£). 

i=l 

Define also 

S (°°)(£)= \j s x (£). 

Remark 4.5. Clearly S^(£) ^ and S^(£) ^ 0. Note moreover that all 
matrices in S( q \£) and S^°°\£) fix an element ofV. 

This section is devoted to prove the following result. 
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Theorem 4.6. The following properties hold: 



(1) Let q be a power of a prime number or q = oo. Then 

\S^(t)\ 



E 



|GSpg } ( 



In the first case £ runs through all prime numbers coprime to q and in the 
second case through all prime numbers. 

(2) Let q be a power of a prime number p or q = oo. Let t\,...,i r be different 
prime numbers. If q ^ oo assume that the i\ are different from p. Let 
n = l\ l T . Then 

|GSpg>(Z/nZ)| fJi |GSpg(F^)| 

where S^ qS> (n) C GSp 2g (Z/nZ) is the set of matrices that belong to S^ q \ij) 
modulo £j, for all j = 1, . . . , r. 



First we will prove part (1) of Theorem 14.61 We will need four lemmata. 
On the one hand, the cardinality of S\(£)o is very easy to compute. 
Lemma 4.7. It holds that 

\Sx(£) \ = l 29 ' 2 (i - l)/3(i,g- l)|Sp 2g _ 4 (F,)|. 

Moreover we can compute the cardinality of S\(£) in terms of |5a(^)o|- 
Lemma 4.8. \S X (£)\ = (£ 2 a- 2 (£-l) + l)\S x (£)o\- 

Proof. Let A e S\(£)q. First of all we will see that the vectors fixed by A are 
those in the cyclic subgroup generated by e\. Since the matrix A clearly fixes 
the vectors in the cyclic subgroup generated by e%, it suffices to show that any 
vector fixed by A must belong to this subgroup. 

Consider the system of equations A(xi, . . . , x^gf — {x\,..., X2 g ) t - Assume first 
that we have a solution with xi = 0. Then the last 2g — 2 equations boil down 
to 

B(x 3 , x 2g y = (x 3 ,..., X 2 gf. 

But since B does not have the eigenvalue 1, this equations are not simultaneously 
satisfied by a nonzero tuple, hence (x%, . . . , X2 g ) t belongs to the cyclic group 
generated by e\. 

Assume now that we have a solution (x%, . . . ,x g Y with x 2 ^ 0. Since 1 is not 
an eigenvalue of B, the matrix Id — B is invertible, and we can write the last 
2g — 2 equations as 
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(x 3 /x2,.-.,X2g/x 2 ) t = (Id-B) 1 (d 1 ,...,d 2 g-2) t . 
On the other hand, the first equation reads 

d = -(61, . . . , b2g-2)(x 3 /x2, ■ ■ ■ , X2g/x 2 ) t . 

Hence 

d = -(b U . . . , b 2 g-2)(ld - B)-\d 3 , . . . , d2g) 1 . 

But we have precisely asked that d does not satisfy such an equation, cf. Defi- 
nition 14.41 

Now one can check that, if we have A, A e S\(£)q and elements 03, . . . ,ct2 g , 
P,a 3 ,..., a 2g , P Jn F, such thatJZ^ [/3]" 1 ■ A ■ T Ua [/?] = T Ua [/3]" 1 • A ■ T„ a 
then either p = (3 = and 4 = 4 or else afc = 5^ for = 3, . . . , 2g, p = P jmd 
A = A. Namely, one notices that since A = T u ~ [P]T Ua [P]- 1 ■ A ■ T Ua {P}T U ~ [P]- 1 
fixes ei, then A fixes T Ua [P]T Us [/3]~ 1 ei. But A only fixes the elements of the 
cyclic group generated by ei; hence, T Ua \0\T Us [/3] _1 ei must be in the cyclic 
group generated by e\. Now computing T Ua [P]T U - [/3] _1 ei one can conclude 
easily. 

Therefore each element of S\(£)o gives rise to a subset of S\(£) by conjugation 
by the matrices T Ua [/?], where a runs through the tuples (03, . . . , ct2 g ) £ F 29-2 
and P € Vi, and S\(£) is the disjoint union of these subsets. Furthermore, each 
of these sets has cardinality £ 2g ~ 2 (£ — 1) + 1. 

□ 

To prove the first part of Theorem 14.61 we only need one more lemma, which is 
an easy consequence of the Chinese Remainder Theorem. 

Lemma 4.9. (1) Let q be a power of a prime number p, and let n be a square- 
free natural number such that p \ n. The cardinality of GSp2^(Z/nZ) 
equals ord n (q) ■ T7^|„ Sp 2ff (F £ )|. 

(2) Let q — 00, and let n be a squarefree natural number. The cardinality of 
GSpg(Z/nZ) equals l\ e]n (£ - l)|Sp 2s (F*)|. 

Proof of Theorem \4-b\ l ) 

Let q be a power of a prime p or q = 00, and let £ be a prime. In the first case, 
let us also assume £ / p. Applying the identity ^ in the proof of Lemma 14.31 
twice to the cardinality of GSp^^F^) and Lemmas 14.81 14.71 and 14.91 we obtain 

\S^(£)\ = (£ 29 - 2 (£ - 1) + l)t 2 °- 2 {£ - l)P(£,g- l)|Sp 2g _ 4 (F,)| 1 

|GS P g(F,)| {P^l)p a -l { p 9 -2_ 1)P g-^ 2g _ i{¥t) \ ~ t 

and the sum Yst^p prime J diverges. □ 
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To prove the second part of Theorem l4.6l we need one auxiliary lemma. For the 
rest of the section, q will be a power of a prime p. 

For each squarefree n not divisible by p and each i = 1 , . . . , ord„ (q) , define 
S q i(n) := {A e SW(n) : e{A) = q l modulo n}. 

Lemma 4.10. Let q be a power of a prime number p. Let t\,...,l r be dis- 
tinct primes which are different from p, and consider n = l\ l r . Let 

i G {1, . . . ,ord„(g)}. Then there is a bijection 

S qi (n)~S qi (h)x---xS q i(£ r ). 



Proof. Consider the canonical projection 

n:S qi (n)^S qi (e 1 )x---xS q i(e r ) 

A^(A mod£i,...,A mod l r ). 



This is clearly an injective map. Now we want to prove surjectivity. For each 
j , take some matrix Bj G S q i {£j ) . 

By the Chinese Remainder Theorem, there exists A G GSp 29 (Z/nZ) such that 
A projects onto Bj for each j. Note that in particular A G S^(n). Since e(A) 
is congruent to s(Bj) = q % modulo £j for all j, we get that e{A) = q % modulo n. 
Therefore A G S q i{n). □ 

Proof of Theorem\J^2) 

Case q ^ oo: On the one hand, since the cardinality of \S q i {£)\ does not depend 
on j, we obtain 



TT \S (q) W\ yr Ord e (q)\S q (£)\ =J j \S q (£)\ 



,JGS P g(F,)| ^ord^)|Sp 2g (F,)| 11 |Sp 2ff (F,)|- 

On the other hand, taking into account again that \S q i(£)\ is independent of i, 
Lemma and that \S qi (n)\ = Y[^ n \S r (£)\ by Lemma I4TTUI we get 



|GSp£J(Z/nZ)| ord„(g)n £ |„|Sp 29 (F,)| ord„((?) Ue\ n |Sp 2s (F^)| 

_ Eg^ (Un n \S q (£)\) ord„( g ) (n„ n \S q (£)\) 
~ ord„(< z )n,|JSp 2ff (F,)| "ordn^rU^ISpa^)! ~ 

y isp 29 (^)i- 
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Case q = oo: By the Chinese Remainder Theorem, there is a canonical isomor- 
phism 

r 
i=l 

and 

S {oo) {n) = c-^S^Xh) x • • • x S {oo) {t r )) 
by the definition of S^°°\n). It follows that 

\s^){n)\ a \s^m\ 

|GSp<~>(Z/n)| tk\G^\m)\ 

as desired. □ 

Remark 4.11. In the definition of the set S q i(£)o (cf. Definition \4-4]) > we 
choose a subset B q i of matrices in GSp 2g _ 2 (Ff)[</ J ] without the eigenvalue 1, 
which is large enough to ensure that part (1) of Theorem \4-(>\ holds. For a 
concrete value of g, one can choose such set more explicitly. For instance, when 
g = 2, instead of B q i one can consider the set 

B' qi := { ^ : bi,i G F/, b 2a g F, \ {1 - b x>1 + <f }, 

&1, 2 GF*, b 2A = b^ih^ - q*)} 

of£(£—l) 2 matrices, which can also be used to prove the second part of Theorem 
\4-6\in the case of the group GSp 4 (F^). 



5 Proof of the Conjecture of Geyer and Jarden, 
part a) 

Theorem 5.1. Let (A, A) be a polarized abelian variety over a finitely generated 
field K . Assume that A/K has big monodromy. Then for almost all a G Gk 
there are infinitely many prime numbers I such that A(K sop (a))[£] ^ 0. 



Proof. Let p := char(i^). Let G — Gk and g := dim(A). We fix once and for 
all for every prime number </pa symplectic basis of TgA. This defines an 
isometry of symplectic spaces (A[n],e„) = ((Z/n) 2g , ejf n ), where e^ an denotes 
the standard symplectic pairing on (Z/n) 2s , for every n g N which is not divis- 
ible by p. We get an isomorphism GSp(A[n], e*) = GSp 2s (Z/n) for every such 
n, and we consider the representations 

p n ■ G K -> GSp 2g (Z/ri) 

attached to A/K after these choices. If to is a divisor of n, then we denote by 
f n ,m '■ GSp 2s (Z/n) — > GSp 2g (Z/m) the corresponding canonical map, such that 

' n,m O Pn — Pm- 
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Let q := q(K) be the cardinality of the algebraic closure of the prime field of 
K in K . Thus q — oo if p = and q is a power of p otherwise. As A has big 
monodromy, we find by Proposition 12.41 an integer c (divisible by p, if p 0) 
such that im(p n ) = GSp^ (Z/n), for every n coprime to c. 

For every prime number £ > c, we define 

X, := {a g G K I A(Jsr Bep (<7))[^] ^ 0}. 

It is enough to prove that f) n>c \Je> n prime has measure 1. Let S^ q '(n) C 
GSp^ (Z/n) be the special sets of symplectic matrices defined in Section 4. 
By remark 03] pJ l (S^(l)) C X e for every prime number £ > c. It is thus 
enough to prove that C\ n >cUe>n prime Pi 1 ( siq) has measure 1. Clearly 
L l G{Pn 1 (S < " q \ n ))) — i — for all integers n coprime to c. Hence part 

|GSp 2g (Z/ra)| 

(1) of Theorem EH implies that ^£> c prime MgCp^ 1 ^^))) = oo. 

Furthermore, if ^i, • • • ,£ r > c are different prime numbers and n = l\ • ■ -£ r , 
then 

r 

f]p^(S^(£ l ))=p- 1 (S^(nj) 

i=l 

and part (2) of Theorem 14.61 implies 

r r 

p G (f) P ~ i (s^(m = l[PG(Pz 1 (s^(£ l ))). 

i=l i=l 

Hence (p^~ 1 (S'(' 2 )(£)))£> c is a ^p-independent sequence of subsets of G. Now 
Lemma [331 implies that C\ n >cUe>n prime Pj has measure 1, as desired. 

□ 
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